A perfect Roman dominating function (PRDF) on a graph G = (V, E) is a function f : V → {0, 1, 2} satisfying the condition that every vertex u for which f (u) = 0 is adjacent to exactly one vertex v for which f (v) = 2. The weight of a PRDF is the value w(f ) = u∈V f (u). The minimum weight of a PRDF on a graph G is called the perfect Roman domination number γ p R (G) of G. A graph G is perfect Roman domination domination stable if the perfect Roman domination number of G remains unchanged under the removal of any vertex. In this paper, we characterize all trees that are perfect Roman domination stable.
Introduction
In this paper, we shall only consider graphs without multiple edges or loops. Let G be a graph, S ⊆ V (G), v ∈ V (G), the neighborhood of v in S is denoted by N S (v). That is to say N S (v) = {u|uv ∈ E(G), u ∈ S}. The closed neighborhood N S [v] of v in S is defined as N S [v] = {v} ∪ N S (v). If S = V (G), then N S (v) and N S [v] are denoted by N(v) and N [v] , respectively. Let S ⊆ V (G), we write N G (S) = ∪ x∈S N G (x). The degree of v is d(v) = |N(v)|. We will omit the subscript G, that is to say, N G (T ) is denoted by N(T ). For a tree T and a vertex v ∈ V (G), we denote by L(v) the set of all leaves of v. A tree T is a double star if it contains exactly two vertices that are not leaves. A double star with respectively p and q leaves attached at each support vertex is denoted by DS p,q .
A dominating set of G is a subset D of V such that every vertex in V − D is adjacent to at least one vertex in D. The domination number γ(G) is the minimum cardinality of a dominating set of G. A Roman dominating function (RDF) of G is a function f : V (G) → {0, 1, 2} such that every vertex v ∈ V with f (v) = 0 is adjacent to at least one vertex u with f (u) = 2. The weight of an RDF f is the value f (V ) = v∈V f (v). The Roman domination number γ R (G) is the minimum weight of an RDF of G. The problems on domination and Roman domination of graphs have been investigated widely, for example, see the list of references, [7] and [2, 3, 4, 16, 17, 18] , respectively.
The affections of vertex removal on domination number and Roman domination number in a graph have been studied in [1, 9] and [6, 10] , respectively. Jafari Rad and Volkmann [10] introduced the concept of Roman domination stable graphs and these graphs had been further studied in [5, 20, 11, 12, 13, 14, 15] . Furthermore, Henning, Klostermeyer and MacGillivray [8] introduce a perfect version of Roman domination. A perfect Roman dominating function (PRDF) on a graph G = (V, E) is a function f : V → {0, 1, 2} satisfying the condition that every vertex u for which f (u) = 0 is adjacent to exactly one vertex v for which f (v) = 2. The weight of a PRDF is the value w(f ) = u∈V f (u). The minimum weight of a PRDF on a graph G is called the perfect Roman domination number γ Recently, many research are working in this topic. For instance, Rad et al. [10] studied the changing and unchanging the Roman domination number of a graph. Henning et al. [8] explored some trees about perfect Roman domination. Favaron et al. [4] found some Romain domination number of a graph.
Chambers et al. [2] deduced some extremal results on Roman domination. Motivated by the above results, we continue to study Roman domination and characterize all perfect Roman domination stable trees.
Perfect Roman domination stable trees
In this section, we will give some lemmas and properties. Observation 1. Let T be a perfect Roman domination stable tree and f be a γ
If there exists a vertex x 4 ∈ V (T ) is adjacent to a star with vertex set {x 1 , x 2 , x 3 , y 1 } and center x 2 and x 4 x 3 ∈ E(T ), then f (x 2 ) = 2 and f (
Since T is a perfect Roman domination stable tree, we have γ
(ii) Otherwise, let u ∈ N(v) and f (u) = 0. Now we can obtain a PRDF with the same weight by assigning 1 to u and v, a contradiction with (i). (iii) By the results of (i) and (ii), we have f (x 2 ) = 2, f (x 1 ) = f (y 1 ) = 0 and f (x 3 ) ∈ {0, 2}. If f (x 3 ) = 2, then we can obtain a new γ p R -function of T by changing f (x 2 ) to 0 and f (s) to 1 for any s ∈ {x 1 , y 1 }, contradicting with (i). Thus, f (x 3 ) = f (x 4 ) = 0.
In this section we give a constructive characterization of all perfect Roman domination stable trees under vertex removal. For a tree T , let
In order to presenting our constructive characterization, we define a family of trees as follows. Let T be the family of trees T that can be obtained from a sequence T 1 , T 2 , . . ., T k of trees for some k ≥ 1, where T 1 is P 3 and T = T k . If k ≥ 2, T i+1 can be obtained from T i by the following operation. 
Conversely, let f be a γ p R -function on G ′ . We consider the following cases.
Lemma 2. Let T be a perfect Roman domination stable tree and u ∈ W (T ). If T ′ is a tree obtained by adding a single vertex v and an edge uv from T , then γ
Conversely, let f be a γ p R -function on T ′ , by Observation 1 we have f (v) = 1 for any v ∈ V (T ). Now we consider the following cases. Case 1: f (v) = 2. In this case we have f (u) = 0 and we consider a γ
Lemma 3. Let T be a perfect Roman domination stable tree and u ∈ W (T ). If T ′ is a tree obtained by adding a path v 2 v 1 and an edge uv 2 from T , then γ
Conversely, let f be a γ 
). Thus T i+1 is a perfect Roman domination stable and the proof is complete.
Lemma 5. Let T be a perfect Roman domination stable tree of order n ≥ 3 with diam(T ) ≥ 4 and T contain no pendent P 3 , and P = x 1 x 2 · · · x k be a longest path of T . Then d(x 2 ) = 2.
Proof. Let f be a γ p R -function of T . By Observation 1, we have f (v) ∈ {0, 2} for any v ∈ V (T ). First we have |L(x 2 )| ≤ 2. Otherwise, we assume L(x 2 ) = {x 1 , y 1 , · · · , y k 1 } where k 1 ≥ 2. It is clear that f (x 2 ) = 2, f (x 1 ) = 0 and f (y i ) = 0 for any i = 1, 2, · · · , k 1 . Let g be a γ p R -function of T − x 2 and so g(x 1 ) = g(y i ) = 1 for any i = 1, 2, · · · , k 1 . If g(x 3 ) = 2, we define a function g ′ of T as follows.
for other vertex v ∈ T and we have γ
, a contradiction. If k 1 = 2, then we have w(g ′ ) = w(g) but x 3 is assigned with 1, a contradiction with Observation 1.
Then we have |L(x 2 )| = 1. Suppose to the contrary, |L(x 2 )| = 2, then we have
Proof. First, we have x 3 has no leaf neighbor. Otherwise, let w 1 ∈ L(x 3 ). Since f (x 3 ) = 0 from Observation 1 (iii), we have f (w 1 ) = 1, contradicting Observation 1. Now we have x 3 is not adjacent to a pendent star. Otherwise, assume x 3 is adjacent to a pendent star centered with w 1 with x 3 w 1 ∈ E(T ) and L(W 1 ). Since f (x 3 ) = 0 and f (x 2 ) = 2 from Observation 1 (iii), we have f (w 1 ) = 0, and f (x) = 1 for any vertex v ∈ L(w 1 ), contradicting with Observation 1. Now we have x 4 has no leaf neighbor. Otherwise, let w 1 ∈ L(x 4 ). Since f (x 3 ) = 0 and f (x 2 ) = 2 , we have f (x 4 ) = 0 and thus f (w 1 ) = 1, contradicting Observation 1. Now it follows from Observation 1 that f (x 1 ) = f (x 3 ) = f (y 1 ) = f (x 4 ) = 0, f (x 2 ) = 2 and we have Claim 2. There exists no vertex w 1 ∈ N(x 4 ) for which |L(
Proof. Otherwise, we assume w 1 ∈ N(x 4 ) for which |L(w 1 )| = d(w 1 ) − 1 ≥ 1. Analogous to the proof of |L(x 2 )| ≤ 2, we have |L( Fig. 1 ). By Observation 1, we have f (x 2 ) = 2, f (x 3 ) = f (x 4 ) = 0, f (w 1 ) = 2 and f (v i ) = 0 for any i.
Then we have
(1)
Now we will show that
Otherwise, we assume that g is a γ
instead of f (t) to t for any t ∈ V (T i ) and obtain a PRDF with fewer weight, a contradiction. If g(v i ) = 2, then under f we assign g(t) instead of f (t) to t with for any t ∈ V (T i ), g(z) = 1 for z ∈ N[w 1 ] − x 4 and obtain a PRDF with weight at most w(f ). But w 1 is assigned with 1, contradicting Observation 1.
Now we will show that
Then under f we assign 1 to v i and g(t) instead of f (t) to t for any t ∈ V (T i − v i ) and obtain a PRDF of T with at most weight w(f ). But v i is assigned with 1, contradicting Observation 1.
is stable, we have w(f ) = w(g). Therefore, we have
By Eqs. (4) and (1), we have
Hence by Eq.(2), there must exist some j (1 ≤ j ≤ k) satisfying that
If g(v j ) ≥ 1, then g| T j is a PRDF on T j , a contradiction with Eq.(6). If
This completes the proof.
Claim 3. x 4 is not adjacent to a vertex w 1 with |L(w 1 )| ≥ 2.
Proof. Suppose to the contrary, there exists a vertex w 1 ∈ N(x 4 ) with |L(w 1 )| ≥ 2. By Claim 2, there exists a vertex w 2 ∈ N(w 1 ) \ {x 4 } such that |L(w 2 )| ≤ 2.
We deduce from Observation 1 that f (x 4 ) = f (y) = 0 for any y ∈ L(w 1 ) ∪ L(w 2 ), and f (w 1 ) = f (w 2 ) = 2.
Then we consider a PRDF f ′ of T with f ′ (w 2 ) = 0 and f ′ (x) = 1 for any x ∈ L(w 2 ). It is obvious that w(f ′ ) ≤ w(f ) and f ′ is a γ Proof. Suppose to the contrary d(x 4 ) ≥ 3, then by Claims 2 and 3, it is sufficient to consider the following four cases. Case A: x 4 is adjacent to a pendent P 3 (see Fig. 2a) , contradicting with the condition of T . Case B: x 4 is adjacent to a P 4 = w 3 w 2 w 1 w 4 with x 4 w 1 ∈ E(T ) (see Fig. 2b ).
2 to x 2 , 1 to x 3 , x 4 and obtain a PRDF of T with same weight w(f ). But x 5 is assigned with 1, contradicting Observation 1. Therefore f (x 5 ) = 0. Under g we assign 0 to x 1 , y 1 , x 3 , 2 to x 2 , 1 to x 4 , x 5 and obtain a PRDF of T with same weight w(f ). But x 4 , x 5 is assigned with 1, contradicting Observation 1. Then the proof is complete. Theorem 1. Let T be a tree of order n ≥ 3. Then T is a perfect Roman domination stable tree if and only if T ∈ T .
Proof. According to Lemma 4, we need only to prove necessity. Let T be a perfect Roman domination stable tree of order n ≥ 3. The proof is by induction on n. If n = 3, then T = P 3 ∈ T . Let n ≥ 4 and let the statement hold for all perfect Roman domination stable trees of order less than n. Clearly, diam(T ) ≥ 2. If diam(T ) = 2,then T must be a star of order n ≥ 4. Clearly T is not a stable tree, a contradiction. If diam(T ) = 3, then T is a double star. Let T = DS p,q be a double star with respectively p and q leaves attached at two support vertex. It easily proved that a stable tree is not a stable tree, a contradiction.
Consequently, we have diam(T ) ≥ 4. Let P = x 1 x 2 · · · x k be a longest path of T and f be a γ 
. By Observation 1, we have f (x 1 ) = 0, f (x 2 ) = 2, f (w 1 ) ∈ {1, 2}. Then we have f (w 1 ) = 0, then f (x 3 ) = 2. Now under f assign 1 to x 1 , 0 to x 2 and obtain a PRDF of T with fewer weight w(f ), a contradiction. Therefore we have L(x 3 ) = ∅.
Second, we prove that x 3 is not adjacent to a path P 2 = w 1 w 2 with x 3 w 1 ∈ E(T ) and w 2 ∈ L(w 1 ). Easily we have f (x 1 ) = f (w 2 ) = 0 and f (x 2 ) = f (w 1 ) = 2. It follows from Observation 1 and definition of f that f (x 3 ) = 2. Then under f assign 1 to x 1 , w 2 , 0 to x 2 , w 1 and obtain a PRDF of T with fewer weight w(f ), a contradiction.
Consequently, we have d(x 3 ) = 2. Hence x 4 must be adjacent to pendent a path P 3 = s 1 s 2 s 3 for which s 3 ∈ N(x 4 ). Let T ′ = T − {s 1 , s 2 , s 3 }. By Lemma 1, we have γ .
